In this paper, we study the estimation problems for the two-parameter bathtub-shaped lifetime distribution based on upper record values. Exact confidence intervals and exact joint confidence regions for the parameters are constructed. Approximate confidence intervals and regions are also discussed based on the asymptotic normality of the maximum likelihood estimators. A simulation study is done for the performance of all proposed confidence intervals and regions. Two numerical examples with real data set and simulated data, are presented to illustrate the methods proposed here.
Introduction
The failure rate function is an important characteristic of a lifetime distribution and the shapes of the failure rate functions are qualitatively different. In practice, units in a population are followed from actual birth to death, a bathtub-shaped failure rate function is often seen. In recent years, some lifetime distributions with bathtub-shaped failure rate function have been investigated by several authors. For example, Bebbington et al. [5] , Gurvich et al. [10] , Haynatzki et al. [11] , Hjorth [12] , Mudholkar and Srivastava [15] , Pham and Lai [17] , Smith and Bain [18] , Wang [19] and Xie et al. [22] . A recent account on bathtub-shaped failure rate functions can be found in the review article by Nadarajah [16] .
In this paper, we discuss the two-parameter lifetime distribution with bathtub-shaped or increasing failure rate function proposed by Chen [7] . The cumulative distribution function (cdf) of this distribution is given by in lifetime testing experiments in which a failure time of a product is recorded if it exceeds all preceding failure times. These recorded failure times are the upper record value sequence. As mentioned by Ahmadi and Balakrishnan [1] , there is a connection between record values and minimal repair process, which is as follows. Let X be a lifetime of a component with cdf F (x) and X(m) denote the lifetime if m minimal repairs are allowed. Then, X(m) has the same distribution as the m-th upper record derived from iid observations from F (x). For more details and applications of record values, see, for example, Ahsanullah [2] and Arnold et al. [4] .
The purpose of this paper is to construct the interval estimation for the parameters of the bathtub-shaped distribution based on record values. The rest of this paper is organized as follows. Section 2 provides the maximum likelihood estimators (MLEs) of the parameters β and λ, and also establishes the approximate confidence intervals and region for the parameters. Furthermore, the exact confidence intervals for the parameter β and exact joint confidence regions for the parameters β and λ are obtained by using some pivotal quantities. Section 3 conducts some simulations to study the performance of the proposed confidence intervals and regions. Section 4 discusses two numerical examples for illustration. Section 5 makes some conclusions.
Main Results
In this section, we will derive the approximate confidence intervals and region for the parameters based on the asymptotic normality of the MLEs. The exact confidence intervals for β and exact joint confidence regions for β and λ will also be discussed.
be the first m observed upper record values from two parameter bathtub-shaped lifetime distribution in (1.1). For notation simplicity, we will write Xi for X U (i) . The likelihood function is given by (see Arnold et al. [4] )
The log-likelihood function is then
The MLEs of (β, λ) can be obtained by solving the likelihood equations
The approximate confidence intervals and region for the unknown parameters have been discussed by some authors. See for example, Doostparast et al. [8] and Gupta and Kundu [9] . Here we will use the asymptotic normality of the MLEs to construct the confidence intervals and region for the parameters. To obtain the Fisher information matrix, we need
and
Under suitable regularity conditions, we know that √ m( β −β, λ−λ) is approximately bivariate normal with mean (0, 0) and covariance matrix I −1 (β, λ) evaluated at the MLEs ( β, λ), where
Thus, the approximate confidence intervals for β and λ can be obtained in the usual way. Furthermore, note that
is asymptotically chisquare distributed with 2 degrees of freedom. Now, using this result, the 100(1 − α)% approximate joint confidence region for (β, λ) is given by
where χ 2 α (2) is the percentile of chi-square distribution with right-tail probability α and 2 degrees of freedom.
Exact Interval Estimations.
Let X1 < X2 < · · · < Xm be the first m upper record values from the two-parameter bathtub-shaped lifetime distribution in (1.1). Set
Then, Y1 < Y2 < · · · < Ym are the first m upper record values from a standard exponential distribution. Moreover, Z1 = Y1 and Zi = Yi − Yi−1, for i = 2, . . . , m, are iid standard exponential random variables (see Arnold et al. [4] ). Hence,
has a chi-square distribution with 2j degrees of freedom and
has a chi-square distribution with 2(m − j) degrees of freedom, where j = 1, . . . , m − 1.
We can also find that Uj and Vj are independent random variables for each j. Let
It is easy to show that Tj has an F distribution with 2(m − j) and 2j degrees of freedom for j = 1, . . . , m − 1. Therefore, using the pivotal quantities Tj, j = 1, . . . , m − 1, we can provide m − 1 confidence intervals for β. To obtain the confidence interval for β, we further need the following lemmas.
2.1. Lemma. For any 0 < c1 < c2, the function
Proof. The proof of Lemma 2.1 can be found in Chen [7] .
Then for all j = 1, . . . , m − 1, (a) Tj(β) is strictly increasing in β for any β > 0.
(b) For t > 0, the equation, Tj(β) = t has a unique solution in β > 0.
Proof.
(a) By Lemma 2.1, it is easy to show that Tj(β) is a strictly increasing function of β. (b) Since the function Tj(β) is strictly increasing in β > 0 with lim β→0 Tj(β) = 0 and lim β→∞ Tj(β) = ∞, then the lemma follows.
Let F (α),(υ 1 ,υ 2 ) denote the upper α percentile of F distribution with υ1 and υ2 degrees of freedom. Lemma 2.2 can be used to construct m − 1 exact confidence intervals for the shape parameter β based on the pivotal quantities Tj(β), j = 1, 2, . . . , m − 1. These exact confidence intervals are given in the following theorem.
2.3. Theorem. Suppose that X1 < X2 < · · · < Xm be the first m observed upper record values from the two-parameter bathtub-shaped distribution. Then, for any 0 < α < 1 and for each j = 1, 2, . . . , m − 1,
Proof. From (2.1), we know that the pivot
has an F distribution with 2(m − j) and 2j degrees of freedom. Hence, the event
). This completes the proof. Now, let us consider another pivotal quantity to construct the confidence interval for parameter β as
It is easy to show that the distribution of W (β, m) does not depend on (β, λ) and hence it provides a pivotal quantity for β. To derive the confidence interval for β based on this pivotal quantity, one need the following lemma.
(a) The proof can be found in Wu et al. [20] .
Let W α(m) be the upper α percentile of the distribution of the pivotal quantity W (β, m). We have the following theorem.
2.5. Theorem. Suppose that X1 < X2 < · · · < Xm be the first m observed upper record values from the two-parameter bathtub-shaped distribution. Then, for any 0 < α < 1,
Proof. Note that
Then, by Lemma 2.4, one can construct an exact confidence interval for β.
It should be mentioned here that since the exact distribution of the pivotal quantity W (β, m) is too hard to derive algebraically, we need to compute the percentiles of W (β, m) by using Monte Carlo simulation. In Table 1 , we present the upper percentiles W α(m) of W (β, m) for m = 2, 3, . . . , 20 and various values of α, over 50000 replications. Now, in order to derive the exact joint confidence region for (β, λ), let
It is easy to show that S has a chi-square distribution with 2m degrees of freedom. Furthermore, by Johnson et al. [13] , Tj defined in (2.1) and S are independent for each j. Using the joint pivots (S, T1), . . . , (S, Tm−1), we can construct m − 1 exact joint confidence regions for (β, λ). Let χ 2 α(υ) be the upper α percentile of the χ 2 distribution with υ degrees of freedom. The following theorem provide m − 1 exact joint confidence regions for (β, λ).
2.6. Theorem. Suppose that X1 < X2 < · · · < Xm be the first m observed upper record values from the two-parameter bathtub-shaped distribution. Then, for any j = 1, 2, . . . , m − 1, the following inequalities determine a 100(1 − α)% joint confidence region for (β, λ):
.
where 0 < α < 1, and ϕ(X1, . . . , Xm, t) is the solution of β for the equation
Proof. From (2.2), we know that
has a chi-square distribution with 2m degrees of freedom, and it is independent of Tj for each j. Next, for 0 < α < 1, we have
From these relationships, we conclude that
This completes the proof.
Simulation Results
In this section, we carry out a Monte Carlo simulation to study the performance of our proposed confidence intervals and regions. In this simulation, we randomly generate upper record sample X1, X2, . . . , Xm from a two-parameter bathtub-shaped lifetime distribution with the values of parameters (β, λ) = (0.5, 0.02), (1, 0.1), and (1.2, 0.05) and sample sizes m = 5, 7, 10, 15. We then compute the 95% confidence intervals and regions using Theorems 2.3, 2.5, and 2.6. We also provide the approximate joint confidence region obtained by the asymptotic normality of the MLEs. We replicate the process 5000 times. We present, in Tables 2 and 3 , the average confidence lengths and confidence areas. The simulation results show that:
(1) The coverage probabilities of the exact confidence intervals for β and joint confidence regions for (β, λ) are close to the desired level of 0.95 for different parameters and sample sizes. But, the coverage probabilities of the approximate joint confidence region for (β, λ) are very low. (2) The pivot W (β, m) works better than the pivots Tj(β), j = 1, . . . , m − 1 to establish confidence interval for the parameter β. This is because the average confidence lengths based on W (β, m) are smaller than those based on Tj(β), j = 1, . . . , m − 1.
(3) If we consider m − 1 pivotal quantities T1(β), . . . , Tm−1(β) to establish the confidence intervals for the parameter β, We find that the pivotal quantity Tj(β) provides the shortest confidence length when j is around [ m 2 ], where [y] denotes the largest integer which is less than or equal to y. (4) From Table 3 , we observe that in the most of cases considered, the first joint pivot (S, T1) provides the smallest confidence area for (β, λ). Thus, the first joint confidence region is the best exact joint confidence region. (5) In most of the cases considered, the approximate method does not work well to establish the joint confidence region for (β, λ). It provides the low coverage probabilities. Also, the average confidence area based on the approximate method is bigger than those obtained based on the exact methods. 
Illustrative Examples
To illustrate the use of our proposed estimation methods, the following two numerical examples are discussed. We check the validity of the two-parameter bathtub-shaped distribution based on the parameters β = 0.4721 and λ = 0.0212 using the Kolmogorov-Smirnov (K-S) test. It is observed that the K-S distance is 0.1385 with a corresponding p-value 0.2715. This indicates that the two-parameter bathtub-shaped distribution provides a good fit to the data. Figure 1 also shows the probability plot (PP) of the data. This figure supports our conclusion. During this period, we observe the following seven upper record values: 
where m = 7. This ellipse is provided in Figure 2 . The area of this approximate joint confidence region is 0.0291. Now, we use the methods proposed in Section 2.2 to construct the exact confidence intervals for β and exact joint confidence region for (β, λ). To obtain the 95% confidence intervals for β, we consider the pivots W (β, m), T1(β), . . . , T6(β). We need the percentiles W 0.025(7) = 2.2674, W 0.975(7) = 1.0344, F 0.025(12,2) = 39.41462, Here, the percentiles of W 0.025 (7) and W 0.975 (7) are obtained from Table 1 . By Theorems 2.3 and 2.5 and using the S-PLUS package, the 95% confidence intervals and corresponding confidence lengths for β are given in Table 4 . From the simulation result in Section 3, we know that, on the average, the pivot W (β, m) works better than the pivots Tj(β), j = 1, . . . , 6. It is not the best one in this example because the result here is based on only one sample. Among the pivots Tj(β), j = 1, . . . , 6, we observe that, in this example, the pivot T4(β) provides the shortest confidence interval length and hence, (0.3723, 0.5095) is an optimal 95% confidence interval for β.
To obtain the 95% joint confidence regions for (β, λ), we need the percentiles = 28.37037, and χ 2 0.9873(14) = 4.888863. By Theorem 2.6 and using the S-PLUS package for solving non-linear equation, we obtain the following 95% joint confidence regions for (β, λ) based on the joint pivots (S, Tj), j = 1, . . . , 6: < λ < 28.37037 2(e (37.96) β − 1) . Figure 3 shows the above joint confidence regions for parameters β and λ. The areas of above joint confidence regions are 0.0073, 0.0109, 0.0128, 0.0145, 0.0210, and 0.0331, respectively. Thus, in this example, A1 is the optimal joint confidence region (β, λ) since the joint pivot (S, T1) provides the smallest confidence area. Note that the confidence areas based on all the joint pivots (S, Tj), j = 1, . . . , 5 are all smaller than the area based on the approximate method. However, the area based on joint pivot (S, T6) is larger than that based on the approximate method. 
where m = 4. The ellipse is provided in Figure 4 . The area of above joint confidence region is 0.5331. To obtain the 95% confidence intervals for β, we need the percentiles By Theorems 2.3 and 2.5 and using the S-PLUS package, the 95% confidence intervals for β are given in Table 5 . To obtain the 95% joint confidence regions for (β, λ), we need the percentiles . Figure 5 shows the above joint confidence regions. The areas of the above joint confidence regions are 0.05005, 0.0200, and 0.0238, respectively. Thus, in this example, B2 is the optimal joint confidence regions for parameters β and λ.
Conclusions
The subject of record values has received attention in the past few decades. The two-parameter bathtub-shaped lifetime distribution can be widely used in reliability applications because of its failure rate function. We study the interval estimation of parameters of the two-parameter bathtub-shaped distribution based on record values. We provide three theorems based on the method of pivotal quantity to establish the exact confidence intervals and regions for the parameters. Two numerical examples are used to illustrate the proposed methods, and we also assess the confidence intervals and regions by performing a Monte Carlo simulation. The simulation results provide us some idea to choose the optimal pivots for constructing confidence intervals and regions. 
